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Abstract

In this paper, we are interested in studying multiplicity of solutions for non-
linear elliptic equations with perturbed symmetry. Existence of infinitely many
solutions of superlinear problems with perturbed symmetry was considered by
several mathematicians in 1980’s under some restrictive growth conditions on
both the unperturbed nonlinear term and the perturbing term which is fixed.
While we have a small parameter ¢ to drive the perturbing term, we only need
very weak growth conditions on the unperturbed nonlinear term and the per-
turbing term. We prove that the equations have as many solutions as prescribed
when |e] is suitably small. We give a further extension of the classical result
of Berestycki and Lions [ARMA, 82 (1983), 347-375] and we also improve the
famous symmetric mountain pass theorem due to Ambrosetti and Rabinowitz
[JFA, 14 (1973), 349-381]. A key ingredient of our proof is to find an infinite
number of nondegenerate critical values of the unperturbed energy functionals.
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1 Introduction

It is well known that in many cases even functionals have multiple critical points,
and this fact applied to nonlinear differential equations with symmetry yields multiple
solutions ([1, 27]). A natural question to ask is: What happens when such a functional
is subjected to a perturbation which destroys the symmetry? Some special cases of
this question have been studied and while progress has been made, there are not yet
satisfactory general answers (quoted from Rabinowitz’s monograph [27, P. 61]).
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In 1980’s, existence of infinitely many solutions of superlinear elliptic equations
with perturbed symmetry of the form

— Au = [ufflu+ f(z) inQ, wue Hy(Q), (1.1)

where 2 C RY is a bounded domain, N > 2, f € L?(Q2), and p € (1,py) for some
pn < (N +2)/(N —2), was obtained by Bahri [2], Bahri and Berestycki [3], Bahri and
P.-L. Lions [4], Rabinowitz [26], and Struwe [29]. It is believed that the result should
be true for all 1 < p < (N+2)/(N —2) (see [27, P. 69] and [4, P. 1028]), but this is still
an open problem. For related results in this direction, see also [11, 19] for superlinear
equations and [12, 15, 16, 19] for sublinear equations.

In this paper, we use a unified idea to prove existence of multiple solutions for the
following three types of elliptic equations in the whole RY with destroyed symmetry.
The first is the nonlinear scalar field equation

{ —Au = f(u)+eg(u) inRY,

UEH1<RN), (12)

where f,g € C(R,R) and f is odd. The second is the quasilinear Schrodinger equation

{ —Au + ¢ (div (Ge(z, u, Vu)) — Gy(z,u, Vu)) + V(z)u = f(z,u) in RV, (1.3)

ue HY(RY),

where V € C(RY,R), f € C(RY x R,R), f(z,t) is odd in t, and G = G(z,t,€) €
CHRYN x R x RV, R). The third is the nonlinear Choquard equation

_ _ 1 — i 3
{ Au+ wu — pyu+ 1g(z,eu) =0 in R?, (1.4)

ue H'Y(R?),

where w > 0, ¢, € D?(R3) is the unique weak solution of the equation —A¢ = u? in
R?. In these equations, ¢ € R is a small parameter with the convention that if ¢ = 0
then the perturbation term Lg(x,eu) in (1.4) is zero.

Here, the pattern of symmetry breaking is not the same as that in (1.1). While we
have a small parameter € to drive the perturbing terms, we allow general superlinear
nonlinearity and very general symmetry breaking terms ¢(t), G(xz,t,§) and g(z,t) in
our results.

For equations (1.2), (1.3), and (1.4), under very general conditions we shall prove
that for any given m € N there exist at least m solutions provided that || is sufficiently
small (with the understanding that the perturbation term is 0 in (1.4) if ¢ = 0). A key
ingredient in our approach is to find an infinite number of nondegenerate critical values
of the unperturbed energy functionals. These critical values are also called essential
values (see Section 2 for the definition) and have the feature that they continue to exist
when the functionals are perturbed. In our results, we do not assume oddness of g(t)
or g(x,t) in t or evenness of G(z,t,£) in t. Moreover, we do not impose any control on
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g(t) or g(z,t) or G(x,t,&) for |t| or [£| large. That is to say, ¢g(t) and g(z,t) can be of
any growth in ¢t and G(z,t,&) can be of any growth in |¢| and |€].

In what follows, we denote 2* = 2N/(N — 2) for N > 3 and 2* = +oo for N = 1,2.
Equation (1.2) is a perturbation of

— Au= f(u), ue H'(RY). (1.5)

In the celebrated paper [7], H. Berestycki and P.-L. Lions proved that equation (1.5) has
infinitely many solutions when N > 3 and f satisfies the almost optimal assumptions:

(f1) f€C(R, R) and f(t) is odd;

(f2) —o0 < lim f(t)/t < Tam f(t)/t =~ < 0;

t—0

(fs) [Jm f(6)/£ 7" <0;

(f4) there exists ¢ > 0 such that F'(¢) = fOC f(t)dt > 0.

Our first main result is the following theorem which asserts that under assumptions
(f1)—(f1) together with very weak assumptions on g, (1.2) has as many solutions as
prescribed if || is sufficiently small.

Theorem 1.1. Let N > 3 and (f1)—(fs) be satisfied. Suppose g € C(R,R) and
lim [g(t)|/[t| < +oo. (1.6)
t—0

Then for any m € N there ezists €, > 0 such that (1.2) has at least m distinct radial
solutions provided that |e| < &,.

In Theorem 1.1, we only assume g to be continuous and satisfy (1.6). Neither a
condition on g for |t| near co nor oddness of g is needed. Theorem 1.1 extends the main
result of H. Berestycki and P.-L. Lions [7] since if ¢ = 0 then Theorem 1.1 is exactly
the main result in [7]. We also point out that, in a suitable functional framework as in
[7] our approach to prove Theorem 1.1 provides an infinite number of nondegenerate
critical values of the unperturbed functional (see Lemma 3.2), and this result seems to
be convenient in view of other possible applications.

Using a change of unknown as in [9, 21|, we can transform certain types of quasi-
linear elliptic equations into (1.2) so that results as consequences of Theorem 1.1 can
be obtained for quasilinear elliptic equations. The next corollary is just an example in
this direction.

Corollary 1.2. Let a > 1. Assume the same conditions as in Theorem 1.1 except that
the inequality in (f3) is replaced by

Tm f(t)/t2r2/2=1 <,

t——+o0



Then for any m € N there exists €, > 0 such that the quasilinear elliptic equation
1
— (14 |u|)Au — §a|u|a’2|Vu\2u = f(u) +eg(u) in RY (1.7)
has at least m distinct radial solutions provided that |e| < &,.

Proof. Set h(t) = fot /1 + |s|*ds and make the transformation v = h(u). Then (1.7)

is converted into o1 B
Cp 2 L@ g0 oy
1+ [h=t(v)]*

which is in the form of equation (1.2). Using properties of A~ (see [9, 21]), it is easy
to verify that (f1)—(fs) are satisfied by foh ' 4nd (1.6) is satisfied by goh _

/1+|h—1] w/1+|h—1\a'
O

We conclude by Theorem 1.1.
Equation (1.3) is a perturbation of the semilinear Schrédinger equation
—Au+V(z)u= f(z,u), ue HRY). (1.8)
To state our result on (1.3), we assume

(V) Ve C(RN R), V(z) =V (|z|), ap := ie%fN V(z) >0, By := sup V(z) < +o0;

z€RN

(F1) feCRY xR R), f(x,t) = f(|z|,t) is odd in ¢;
(Fy) f(x,t) =o(t) as t — 0, uniformly for x € RY;
(F3) there exist C' > 0 and 2 < p < 2* such that, for v € RY and t € R,

[f(z )] < CL+[HP);

(Fy) there exists > 2 such that, for v € RY and t € R,
¢ 1
F(x,t) ::/ flx,s)ds < —f(z,t)t;
0 H

(F5) there exist zo € RY and ¢y > 0 such that F(xg,ty) > 0;

<G> G7 Gﬁz € Cl(RN x R x RNaR)7 G('T707£) = 07 G(.’L‘,t,f) = G(|.T‘,t, |€|) and for
any R > 0 there exists Cp > 0 such that if x € R, |[t| < R, |{| £ R, and
1 <4, j <N then

|Gl 1, )] < Crlt],  |Gelw,t, ) < Cr(|t] + [£]),

and

0*G(z,t,€)
afiafj

PG (w,t,€) )

PGz, €) ‘
83328&]

DLOE;

)gCR.



Note that (V') and (F})—(Fs) are classical assumptions in dealing with Schrédinger
type equations. Under these assumptions, a result due to Strauss [28] states that (1.8)
has infinitely many radial solutions. This result can be proved via several different
approaches. Especially, it can be proved using the Ambrosetti-Rabinowitz symmetric
mountain pass theorem from [1] (see also [27]) or using the fountain theorem as in [31,
Theorem 3.12].

Compared with (1.8), equation (1.3) is much more complex due to the presence of
the quasilinear terms. It has only a formal variational structure

Jo(u) = E / (IVul®> + V(z)u?) do — / F(z,u)dx —¢ G(z,u, Vu) dz.
2 Jan RN RN
This functional is invariant with respect to the O(N) action on H'(RY). However, it
is not well defined on any Sobolev space since there is no global control on the growth
of G, nor is it an even functional since we do not assume G to be even in t. The control
we imposed on the growth of G allows G to be of any growth rate for |t| or || near oco.

The second main result is for (1.3) and is stated below.

Theorem 1.3. Let N > 2. Assume (V), (Fy)—~(F5) and (G). Then for any m € N
there exists £,, > 0 such that (1.3) has at least m distinct radial solutions provided that
le] < em.

Theorem 1.3 extends the result of Strauss [28] mentioned above since when € = 0
Theorem 1.3 reduces to that result, cf. [31, Theorem 3.12]. It is also worthwhile to
mention that our proof of Theorem 1.3 is based on a remarkable refinement of the
classical symmetric mountain pass theorem due to Ambrosetti and Rabinowitz; see
Theorem 4.1 which asserts that an even functional with a symmetric mountain pass
geometry possesses an unbounded sequence of nondegenerate critical values. We believe
that such a result is of independent interest to a broader class of variational problems.
There is much room to select a function G which satisfies the assumption (G). Just as
an example, we choose

t
Gl t,€) = €]+ [ g(r.5)ds.
0
where r, ¢ > 2 and ¢ satisfies the following assumption

(91) g € C(RY,R), g(z,t) = g(|z|,t), and g(z, )/t is bounded on R x ([~R, R]\{0})
for any R > 0.

Then we have the following corollary of Theorem 1.3.

Corollary 1.4. Let N > 2, r > 2 and q > 2. Assume (V), (F1)—(Fs) and (g1). Then
for any m € N there exists €, > 0 such that the quasilinear Schrodinger equation

— Au+eqlul"Agu+e(qg— Drlu)*u|Vu|! + V(z)u = f(2,u) +eg(z,u) inRY (1.9)

possesses at least m distinct radial solutions provided that || < e,,, where Ayu =
div(|Vu|?2Vu) is the q-Laplacian of u.



Proof. It can be verified that the function G selected above satisfies (G) when r > 2
and ¢ > 2 and g satisfies (¢;). In addition, for this particular G, (1.3) is just (1.9). We
obtain the result by Theorem 1.3. O

We conjecture that most of the radial solutions obtained in Theorems 1.1 and 1.3 are
sign-changing solutions. A clue is provided by the well known result that for 2 < p < 2*
the equation

~Au+u=|uff?u in RY, we HY(RY),

which is a special case of the equations considered in those two theorems, has only one
positive radial solution.
We turn to consider (1.4), which is a perturbation of the Choquard equation

—Autwu—o¢u=0 inR wue H(R. (1.10)

Choquard equations including the form of (1.10) have been well studied; see the survey
paper [23] by Moroz and Van Schaftingen. We assume

(92) g € C(R* x R,R), g(z,t) = g(|z|, ), limy_o g(x,t)/t = 0 uniformly for z € R?,
and g(z,t) is bounded on R* x [—-R, R] for any R > 0.

Our third main result is for (1.4) which is as follows.

Theorem 1.5. Suppose that (g2) holds. Then for any given m € N there exists £, > 0
such that (1.4) has at least m distinct radial solutions provided that |e| < &,.

In (1.4), let A = % and replace u with u/e. Then (1.4) is converted to the equation

—Au+wu — Apu+ g(z,u) =0 in R3,
u € H' (R?).

In view of the fact that ¢, € DV?(R3) is the unique weak solution of the equation
—A¢ = u?in R3, the above Choquard equation is equivalent to the Schrodinger-Poisson
system

—Au+wu — Apu+ g(z,u) =0 in R3,

—A¢p =u* in R3, (1.11)

ue H(R?), ¢e DY(R3).

This yields the following corollary of Theorem 1.5. Indeed, the conclusion of the
corollary corresponds to the 0 < ¢ < g, part of that of Theorem 1.5.

Corollary 1.6. Suppose that (go) holds. Then for any given m € N there ezists A,,, > 0
such that, for X > A,,, (1.11) has at least m distinct radial solutions (u, ¢).



Schrodinger-Poisson systems as in (1.11) have been extensively studied, especially
in the case A\ < 0. Here we have A > 0, a case which is much less studied. In the
latter case, Mugnai in [24] proved that for fixed w > 0 there exist infinitely many
triples (A, u, ¢) € R x H'(R?) x D?(R®) which solve system (1.11), assuming that
g(x,t) is odd in t and satisfies some conditions which are much stronger than our
condition (gy). Here \ is a Lagrange multiplier and is part of the solutions obtained.
For fixed w, A > 0, a radial solution (u,¢) was obtained in [24] under even stronger
assumptions. Jeong and Seok in [13] proved existence of a radial solution for fixed
w > 0 and for A > 0 sufficiently large, assuming (g2) together with the assumption
that limy e |g(z,t)]/[t]P < oo for some p € (1,5) uniformly for z € R®, and thus
relaxed the conditions in [24]. Corollary 1.6 tremendously improves the related results
in [13, 24] mentioned above. Not only is assumption (go) much weaker than those in
the related results in [13, 24], but also the conclusion of Corollary 1.6 is much stronger
than those in [13, 24] since only one solution was obtained for fixed A in [13, 24].

We shall use a unified idea to prove our main theorems by showing that the un-
perturbed energy functionals have an infinite sequence of nondegenerate critical values.
The methods used in this paper are quite different from those in [1, 7, 13, 24, 26, 28, 31],
which cannot be extended to yield our results. The obstacle is that one does not know
whether critical values or critical points obtained via classical minimax procedure are
nondegenerate or not, and they may not be inherited when the functional is slightly
perturbed.

The concept of essential values was introduced by Degiovanni and Lancelotti [10]
in the study of nonsmooth functionals with perturbed symmetry. The advantage of
essential values is that they are inherited when the functional is slightly perturbed, but
the disadvantage is that in general they are extremely difficult to construct. It turns
out that essential values are critical values if the functional satisfies the (PS) condition.
In this sense, essential values are nondegenerate critical values. A theory of essential
values has been developed in [10] and we shall use this theory to prove our main results.
In this paper, a real number ¢ is called a dual essential value of a functional I if —c is
an essential value of —1.

Let us sketch the ideas of the proofs of Theorems 1.1, 1.3, and 1.5. For equation
(1.2), we consider the unperturbed constrained functional ®| 4 in the spirit of [7], where

@(u):/RNF(u)d:c, M={uc HRY): |Vu|y =1},

where |- |, stands for the usual norm in L"(RY). The first step of the proof of Theorem
1.1 is to seek a sequence of positive dual essential values of the unperturbed functional
®| 4 tending to 0. To this aim we first show that if the super-level set (®|rq), # 0 for
some a > 0 then it can be deformed in (®|p), for some b € (0,a) to a single point
(see Lemma 3.1). This result is the core of our approach. Since f is very general, the
construction of this deformation is quite far from being trivial. Using this deformation



result and the asymptotic properties of the minimax values introduced by Berestycki
and P.-L. Lions [7], we can detect the topological change of super-level sets of ®, and
then establish the existence of a sequence of positive dual essential values tending to 0
(see Lemma 3.2). In the second step, we introduce and study for £ and R > 1 a class
of modified functionals ®. g|r given by

bonlw) = [ F)do+en(luf) [ Glumtuw)

where ngp € C*(R,[0,1]), n(t) =1 for [t| < R —1, n(t) = 0 for |t| > R, and G(t) =
f(fg(s)ds. Note that in the modification not only is G truncated so that the integral
Jen G(nr(w)u) dz is well defined but an additional factor ng(|u|3) is attached as well.
The aim of adding this factor is to ensure that the perturbation term is uniformly small
when |¢] is small. Then by the essential value theory, we can find as many dual essential
values of ®. r|aq as prescribed for || suitably small such that the distance between two
adjacent dual essential values has a positive lower bound independent of R (see Lemma
3.4). By verifying the (PS) condition, we see that the dual essential values are critical
values of ®. |y Finally, through a proper scale change and a uniform L estimate,
by selecting and fixing an R large enough we derive as many solutions of the original
equation as prescribed when |e| is sufficiently small (see Section 3.3), concluding the
proof of Theorem 1.1.

While the main idea of the proofs of Theorems 1.1 and 1.3 is the same, the detailed
techniques between the two proofs are quite different. To obtain Theorem 1.3, we
shall first prove that under the hypotheses of the symmetric mountain pass theorem
of Ambrosetti and Rabinowitz an even functional has a sequence of essential values
tending to +oo (see Theorem 4.1). This result reinforces the conclusion of the theorem
of Ambrosetti and Rabinowitz and is of independent interest. It is more convenient to
be applied to problems with perturbed symmetry. Using this result, we can find an
unbounded sequence of positive essential values of the unperturbed functional J := J,.
In the second step, we introduce a new class of functionals J. gy : H}(RY) — R to
modify J.:

Jero(u) = J(u) —eng(|ul33) /RN G(% g (1t70) [t 77R(‘§‘2)§> dr,

where 6 € (0,2/(N —2)) and g (R > 1) is as above. The new parameter 6 introduced
in the definition of J. gy will paly a key role in the verification of the (PS) condition
via the compactness of the Sobolev embedding H!(RY) — L*™(RY) (see Lemma
4.5). The functional J. gy is smooth and supy |J. e — J| < Cgle|l. In view of the
nondegeneracy nature of essential values of J, we see that the number of critical values
of J; re tends to infinity uniformly in 6 and R as ¢ — 0. More precisely, given m, J; rg
with || small has m critical points {u. rg;}j, so that the associated critical values
Cerpj = Jero(u-pro;) satisfies 0 < ;' < coroj < co and c.pg i1 — Cerp; > 1 for



some positive constant ¢y independent of ¢, R, §, and j (see Proposition 4.6). In the
third step, we first prove that u. gy ; (1 < j < m) are bounded in the Sobolev norm
and then use a delicate estimate to show that |u. g g jloc + |VUz ro,j|l0 < C for some C
independent of ¢, R, 0, and j (see Lemma 4.10). This implies that, for R sufficiently
large, u. g ; = uc o (1 < j < m) are critical points of

Jeg(u) = J(u) — S/RN G(x, [t|°t, &)da

In the last step, we choose a sequence {6;}32; C (0,2/(N — 2)) such that 6, — 0"
and prove that Vu.g, ; = Vu.; a.e. in RV as k — oo, where u, ; is the weak limit
of u.g, ; in the Sobolev space as k — oo (see Lemma 4.11). Then we show that
us; (1 < j < m) are the strong limits of u. 4, ; (1 < j < m) and thus are solutions of
the original equation (1.3). That they are different from each other is a consequence
of the energy estimate given in Proposition 4.6.

The proof of Theorem 1.5 shares a similar approach with the proof of Theorem
1.3. However, the modification of the original functional is more complicated, and we
introduce and consider the following class of functionals

J-nolu )=—HuH2——/ b da
(1+6
+ el + lf8) [ G o cnellul™)ul'w) de

where G(z,1) fo x,s)ds, 2 < p < 6 is a fixed number and 0 < 6 < (6 — p)/p is
arbitrary but fixed. Here we add the term |u|p(1+9) in order to accommodate J. g with
an estimate on sup sy |Je re — J| as well as the (PS) condition under assumption
(g92) (see Lemmas 5.5 and 5.6). Then we can argue as in the proof of Theorem 1.3 to
prove Theorem 1.5.

The rest of paper is organized as follows. We shall recall some basic facts from [10]
in Section 2 and prove Theorems 1.1, 1.3, and 1.5 in Sections 3, 4, and 5, respectively.
We shall give more results which are variants of those above in Section 6.

Notation. Throughout this paper we shall make use of the following notation:

o HYRNY) = {u € H'(RY) }u(:c) = u(\:c|)}
e The norm in L¢(RY) is denoted by | - |,, where 1 < ¢ < co.

e S*¥!is the unit sphere in R¥.

B, (x) stands for a ball with radius r and center x in various space. We use B,
to denote B,(0).

0(1) means a quantity tending to 0.

C, C(-), C; and Cg stand for various positive constants.



2 Preliminaries

To prove our main results, we shall use the essential value theory developed by
Degiovanni and Lancelotti in [10]. Let us recall some concepts and facts from [10] which

will be used in the following sections and which we shall not state as generally as in
[10]. Let E be a Banach space (or a complete C*! Finsler manifold) and I € C'(E,R).
For c € R:=RU {—00, +o0}, set I° = {u € E|I(u) < c} for the sub-level set.

Definition 2.1. Let a, 8 € R with a < 3. The pair (I?,1%) is said to be trivial for I,
if for every neighborhood o, "] of a and [, B"] of B, where o/, a”, 3, 3" € R, there
exist two closed subsets A, B of E such that 1Y C AC IO‘”, I € B C I and such
that A is a strong deformation retract of B.

Definition 2.2. A number ¢ € R is said to be an essential value of I, if for everye > 0
there exist two numbers o, B € (¢ —¢,c+ ¢€) with a < B such that the pair (I°,1%) is
not trivial for I.

Lemma 2.3 (Degiovanni and Lancelotti [10]). Let o, 8 € R with a < 8. If I has no
essential value in («, B) then the pair (I°,1%) is trivial for I.

Lemma 2.4 (Degiovanni and Lancelotti [10]). Let ¢ € R be an essential value of I.
Then for every e > 0 there exists § > 0 such that every functional J € C'(E,R) with
SUPep |J(u) — I(u)| < 6 admits an essential value in (c —e,c+¢).

Lemma 2.5 (Degiovanni and Lancelotti [10]). Let ¢ € R be an essential value of I. If
I satisfies (PS). condition then c is a critical value of I.

To facilitate our arguments in Section 3, we give a dual version of the above defini-
tions and facts. For ¢ € R, set I, = {u € E|I(u) > ¢} for the super-level set.

Definition 2.1'. Let o, B € R with o < 3. The pair (I, 1) is said to be trivial for I
if (1)~ (=1)7P) is trivial for —I in the sense of Definition 2.1.

Definition 2.2". A number ¢ € R is said to be a dual essential value of I if —c is an
essential value of —1I.

Lemma 2.3'. Let o, B € R with o < 3. If I has no dual essential value in (o, 3),
then the pair (1,,13) is trivial for I.

Lemma 2.4'. Let ¢ € R be a dual essential value of I. Then for every ¢ > 0 there
exists & > 0 such that every functional J € CY(E,R) with sup,cp|J(u) — I(u)| < §
admits a dual essential value in (¢ —e,c+ ¢€).

Lemma 2.5'. Let ¢ € R be a dual essential value of I. If I satisfies (PS). condition,
then c is a critical value of I.
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The proofs of Lemmas 2.3'-2.5" can be conducted exactly the same way as in [10].
They can also be deduced as consequences from Lemmas 2.3-2.5, considering —1I in
place of I.

Lemma 2.4 claims that essential values remain if the functional is slightly perturbed.
Critical values of a functional do not have such a property. This makes essential value
theory a powerful tool in the study of perturbation problems. In applications, however,
to construct essential values is usually more difficult than to construct critical values.

3 Proof of Theorem 1.1

In this section we deal with the scalar field equation (1.2) and prove Theorem 1.1.
We first remark that, under assumption (f3), we can make use of its stronger version

(f5) Jim f()/£7 =0

t—

without any loss of generality; see [6, Pages 323-324] for details. Using the principle of
symmetric criticality [25], we shall work in H}(R") consisting of radial functions from
H'(RY) and use its usual norm in this section. Set

/ \Vul? do = 1} .
RN

Clearly M is a complete smooth submanifold of H}(R"). Define ® : H!(RY) — R by

M = {u c H'(RY)

() /R Flu)dr

Then ® € C'(H}(RY),R). We shall consider the constrained functional ®|,, and for
a > 0 the super-level sets (®|r),. For simplicity of notation, we denote ®, = (P|)a
and thus ®, = {u € M| ®(u) > a}.

3.1 Essential values of ®|

In this subsection we shall prove that ®|, has a sequence of positive dual essential
values tending to 0. To do that we first prove the following result which asserts that
for any a > 0, if the super-level set ®, # () then there exists b € (0, a) such that ®, is
contractible in .

Let us first sketch the idea how the contraction mapping is constructed. We split up
the construction into four steps. In the first step, we select 0 < R; < R» large enough
and deform the outer part {u(x) ||z| > R2} of u € ®, to 0 while keeping the inner part
{u(z)||z| < Ry} of u unchanged. The second step is a process of growing a small tail
uo(|z|) on the outer part {u(x)||x| > Ry} of each function u obtained after the first
step, where v is a smooth function such that supp(ug) C (Ra, Re + 39), 0 < uy < ¢,
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and wug(r) = ¢ for all » € (Ry + 9, Ry + 29), with § > 0 chosen sufficiently small. In
the third step, we enlarge the flat part of the tail from the annular Br, 25 \ Bgr,1s to
a larger one Bpg, \ Bg,1s, where Rj3 is sufficiently large so that the outer part of the
functions obtained after the third step becomes the dominant part. Then in the fourth
step, we deform the inner part {u(x)||z] < Ry} to 0 for u obtained after the third
step. In the whole process of the deformation we manage to have that the value of ® is
always larger than ¢ and the D*(R") norm remains bounded. We then use dilation
to define the desired deformation from [0, 1] x ¢, to M.

Lemma 3.1. Let a > 0 be such that ®, # 0. Then there exist u* € M and a map
h € C([0,1] x ®,, M) such that

(i) h(0,u) =u and h(1,u) = u* for any u € ®,;
(ii) b:= inf  ®(h(s,u)) > 0.

(s,u)€[0,1] x®q
Proof. By (fs), there exists to > 0 such that f(¢)/t < 0if 0 < |[t| < to. Then F is
increasing on [—tg, 0] and decreasing on [0,%y]. By the Strauss inequality (|6, Radial
Lemma A.III]), one can choose R; > 0 such that |u(x)| < ¢y for any u € ®, and
r € RV \ Bg,. We fix Ry > Ry and choose a C* function y : [0,+0c0) — [0,1]
satisfying x(r) = 1if 0 < r < Ry and x(r) = 0 if r > R,. Define a map h; €
C(0.1] x @, H(RY)) by
ha(s,u)(x) = (1 = s + sx(|z]))u(z).

Then, for (s,u) € [0,1] x ®,, since F is increasing in [—ty, 0] and decreasing in [0, to],
we have

/RN F(hyi(s,u))dz = /B F(u)dz + /RN\B F((1 = s+ sx(|z|)u) dz
_ /RN Fu) d“/RN\B (F((1 = 5+ sx(jz)u) — F(u)) dz

2/ F(u)dz > a. (3.1)

Using (f2), (f3) and the Sobolev inequality we see that, for (s,u) € [0, 1] x @,

[ Fesxtlely do

/ F(sx(|x|)u) dz| < Cl/ (u2 + |u|2) dx
Br, Br,

2
</ u|? dx) +/ lu|?" da
RN RN

[ Fesxtlel o

Setting Dy = hy(1, ®,), then

/ F(su)dx < C5(N). (3.2)

sup
(s,u)€[0,1]x D1

= sup
(s,u)€[0,1]x Pq
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Recall F(¢) > 0 by (fy). Fix Ry > Ry + 1 such that
F(C) - meas (Bg, \ Br,+1) > C3(N) + a. (3.3)
Set v = — minye(o,q F/(¢) > 0 and then choose 6 € (0, 5) such that
2v|meas (Bp,+3s \ Br,) + meas (B, \ Br,)] < a. (3.4)
Let ug : [0, +00) — [0, ] be a C* function having the properties

uo(r) = 0, if0<r<Ryorr> Ry+ 30,
0 N C, 1fR2+5§7’§R2+25

Define a map hy € C([0, 1] x Dy, HY{(RY)) by

u(z) if x € Bg
h = | \
25, u) () { sug(|z]), if 2 € RY \ Bp,.

Then, for (s,u) € [0,1] x Dy, we deduce from (3.1) and (3.4) that

AJWMWWM:L%HMM+/ F(su(|z)) do

RN\BRr,

_ / F(u)de+ / F(suo(|])) dz

RN\Bp,
> a — v -meas (Bpyi3s \ Br,) > g. (3.5)
Set Dy = hy(1,D;) and define a map hs € C([0, 1] x Dy, H}(RY)) by
u(z), if x € Br,.s,
hs(s,u)(z) = { C, if © € Bryy25+s(Rs—Ro—25) \ BRots:
U0(|l‘| - S(Rg - R2 - 25)), ifx e RN \BR2+25+3(R37R2725)-
Then, for (s,u) € [0,1] X Dy, we use (3.1) and (3.4) again to obtain
/F%@WM
RN
:/ mmm+/ ﬂwm+/ F(O) da
Br, BRry+5\Br, BRy+25+s(Rg—Rg—26) \BRo+6
+/ F(up(|x| — s(R3 — Ry — 20))) dx
BRy+36+s(Ry—Ry—26) \BRoy+26+5(Rg— Ry—26)
> a — v-meas (Br,1s \ Bg,)
+ F(¢) - meas (Br,+95+s(Rs—Ro—25) \ Brots)
— v - meas (Bp,135+s(Rs—Ra—25) \ BRa+26+5(Rs—Ro—26))
> a — v-meas (Bry,1s \ Br,) — v-meas (Bp,ys \ Br,) > g. (3.6)
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Set D3 = hs(1,D;). For u € Dy and |z| > Ry, we have u(z) = u(z), where

UQ(|ZL'|), if v e BR2+5,
ﬂ(:c) = C, if v € BR3 \BR2+57
UQ<‘1’|—<R3—R2—25)), if.ﬁL’GRN\BRS.

This together with (3.3) and (3.4) implies

/ F(u)dz > F(C) - meas (Br, \ Bry+s)
RN\Br,

— v -meas (Bpyts \ Br,) — v - meas (Bp, 45 \ Br,)

> Cy(N) +a— g = Oy(N) + g

Define a map hy € C([0,1] x D3, H}(RY)) by

(1 —s)u(z), if x € Bpg,,

ha(s, u)(z) = { u(z), if € RV \ Bp,.

Then, for (s,u) € [0, 1] x D3, we see from (3.2) and (3.7) that
/ Fha(s,u)) dz — / F((1 = s)u) da +/ F(u) dz
RN BR2

RN\Bp,

> —03(N)+C3(N)+g :g>0-

We point out that hy(1,u) = u for u € Ds.
Now we define a map h € C([0,1] x ®,, H}(RY)) by

hi(4s,u), if0<s<1,

- h2(48 —1 hl( )) lf L < S S 1
h(s,u) = ’ 2
() =3 (s — 2 ho(1, (1, u))), if 1 <s<?
ha(4s — 3, hs(1, ha(1, hy(1,u)))), if 3 1 <s< 1L

It is clear that, for all u € @,
R(0,u) =u, h(l,u)=1u

From (3.1), (3.5), (3.6), and (3.8) we have

inf / F(h(s,u))dx >

(s,u)€[0,1]x Pq

RS

In addition, checking the process of the definition of h we see that

sup / |V (h(s,u))|*dr < +oo.
RN

(s,u)€[0,1]x Pq

14
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Finally we define the map h € C([0,1] x ®,, M) by
[A(s, w)](x) = [A(s, w)](T),

where )
N-—-2

T = T(s,u) = (/RN IV (h(s, u))\de)

Then h(0,u) = u, h(l,u) = u* for all u € ¢, and some u* € M. Moreover, for
(s,u) € [0,1] x D,

O(h(s, u)) = /

RN

_ (/RN |V(h(s,u))|2dx)NN2 /RN F(h(s,u)) dz.

We see from (3.9) and (3.10) that

F(h(s,u))dx = T_N/ F(h(s,u))dx

RN

inf  ®(h(s,u)) >0,

(s,u)€[0,1]x P,
concluding the proof. O

Using Lemma 2.3" and Lemma 3.1, we show that ®|, has a sequence of positive
dual essential values tending to 0. Such a result strengthens the related one in [7] since
essential values are nondegenerate critical values.

Lemma 3.2. Set
A ={c>0]cis a dual essential value of P|p}.

Then A # 0 and inf A = 0.

Proof. Define as in [7],
B = sup inf ®(u),

A€Ty, u€A

where I'y, = {A € ¥(M) | ~v(A) > k}, ¥ (M) denotes the set of compact and symmetric
subsets of M and ~ stands for the Krasnoselskii genus. According to [7, Proposition
2], Br, > 0 and limy,_,, Bx = 0. Define

br = sup inf P(p(0)),

pel: ocSk—1

where I'; = {¢ € C(SF¥1, M) |y is odd}. By the proof of [7, Proposition 2] we see
that b, > 0 for all k € N. Since p(S*71) € T, for p € T}, we have b, < ;. Therefore

k—00
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Clearly, by = sup,ca @(u) is a dual essential value of ®|n. Hence A # 0. It
remains to prove that pu := inf A = 0. If this were false, then © > 0 and there would
exist k& € N such that 0 < by 1 < by < p. We fix three numbers 3, 3, " € R such
that 0 < b1 < B’ < B < B" < b, < p and choose ¢ € I'} satisfying

inf  ®(u) > p". (3.11)

u€p(Sk-1)
Applying Lemma 3.1, we obtain a map h € C([0, 1] x p(S*¥~1), M) satisfying
(i) h(0,u) = u and h(1,u) = u* € M for any u € p(SF¥1);

(ii) inf O(h(s,u)) > 0.

(s,u)€[0,1]x(Sk—1)

Let o” € R be such that

0 < &” < min {bk_l’_l, inf @(h(s,u))} : (3.12)

(s,u)€[0,1] x p(Sk—1)

By Lemma 2.3', the pair (®g, ®s) is trivial since @[, has no dual essential value in
(0,3). Then there exist two closed subsets A, B of M such that &3 C B C g,
®, C A, and B is a strong deformation retract of A. In particular, there exists
n € C(A, B) such that n(u) = u for u € B. Let us define a map 7 : [0,1] x Sk~ — M
by
7(s,0) =noh(s,¢(0)).

That 7 is well defined is a consequence of (3.12) and the fact that ®,» C A. Then 7
is continuous, 7(1,0) = n(u*) € M for any o € S¥71, and 7([0, 1] x S¥71) C ®4 since
B C ®4. Now we define a map v : S¥ — M by

1 .
T<0k+1,\/f—zﬂ<017027~-~ 70k))7 1f0§0’k+1<1,
n(u*)a if Ok+1 = 1,

_77[)(_0'1’ —09, - 7_ak+1)7 if —1 S Ok+1 < 0.

w(ah 02, 7ak+1) =

By (3.11) and the fact that ®z» C B, ¢(S¥71) C B. Then for o € S¥1,

7(0,0) = noh(0,9(0)) = nop(o) = ¢(o).
The fact that ¢ is odd and continuous on S¥~! implies that 1/ is odd and continuous on

Sk. Then ¢ € T;, and ¢(S*) C @4 from which we have a contradiction, by > /. O

3.2 Critical values of O, |\

Set



Note that in Theorem 1.1 the only control imposed on g is (1.6). To find solutions of
(1.2) by variational methods, we need to truncate G so that the modified functional is
well defined in H}(RY). For the moment, let R > 1 be an arbitrary but fixed number.
Choose ng € C*°(R, [0, 1]) such that

nR(t)] <2, na(t) =1if [t| < R—1, supp(nr) C (—R, R).

Define a functional @, g : H}(RY) — R by

CIDE,R(u):/RN F(u)daz—i—a?m(\u\%)/R G(nr(u)u) dx.

N

Clearly, ®.p € C'(H}(RY),R). Note that in the definition of ®.x not only is G
truncated so that the integral [,y G(ngr(u)u) dz is well defined but an additional factor
nR(|u|§) is added to this term as well. The aim of adding this factor is to guarantee
the validity of the following result which is the key point to start with.

Lemma 3.3. There exists Cr > 0 independent of € such that

sup |®. r(u) — ®(u)| < |g|Ck.
ueM
The proof is easy and we drop it. Let m € N be an arbitrary but fixed integer. By
Lemmas 2.4’, 3.2 and 3.3, we have

Lemma 3.4. There exist ¢y € (0,1) independent of R and €1(R) > 0 for R > 1 such
that if [e| < e1(R) then @ g|am has m dual essential values {c. r;}jL, satisfying

O<CO§C€,R,]’§17 v1§]§m (313)
and
_N-2 _N-2 ON \ =
Ce’RfjJrl — Ce,R,Qj Z N (m) s V1 S] S m — 1. (314)

Lemma 3.5. There exists e5(R) € (0,e1(R)) for R > 1 such that if |e| < eo(R) then

<I>€,R(u)§0—§/ u*dr, Yuée M,

RN

where C' > 0 is a constant independent of ¢ and R, and € > 0 is the number as in (fs).

Proof. By (f1)-(fs3), there exists C' > 0 such that
l .
F(t) < —ZtQ +CJtf*, forteR
Then, for u € M, we have

@(u):/ F(u)dxg—g/ u2dx+C'/ |u|2*dx§—€/ u’dz + C.
RN 4 RN RN 4 RN

Let Cg be as in Lemma 3.3 and fix a number &5(R) € (0, min{e;(R), Cy'}). Then the
result follows from the above estimate and Lemma 3.3. O
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The next result is [14, Lemma 2.12].
Lemma 3.6. If h € C(R/R) satisfies h(t) < 0 for |t| small and
h(t)

lim
t—o0 ‘t 2*

=0,

then the functional [on h(u) dx is weakly sequentially upper semi-continuous in H}(RY).

Lemma 3.7. Assume that h € C(R,R) satisfies h(t) > Ct? for |t| small and

h(t) _
Jim, e = 0. (3.15)
If u, — u weakly in HY(RY) and
lim h(uy,) dx = / h(u) dx, (3.16)
n—0o0 RN RN

then u, — u strongly in L*(RY).

Proof. We only need to prove that any subsequence of {u,} has a subsequence con-
verging to u strongly in L*(RY). We keep the symbol {u,} for its subsequences and
assume that u, — u a.e. in RY. By the Strauss inequality, there exists Ry > 0 such
that

h(up(z)) > Cu(z) >0 and h(u(x)) > Cu?(z) >0 (3.17)

for all n € Nand z € RV \ Bg,. Using (3.15) and the Sobolev inequality, one can easily
show that h(u,) — h(u) strongly in L'(Bg,). Combining this with (3.16) yields that

lim h(uy,) dr = / h(u) dz.
RN\BRr,

n— o0 RN \BRO

Since by (3.17) h(u,(x)) > 0 and h(u(z)) > 0 if z € RY \ Bg, and since u,(z) — u(z)
a.e., it follows that h(u,) — h(u) strongly in L' (RN \ Bg,). Then using again (3.17) and
the a.e. convergence of u, to u one can deduce that u, — u strongly in L?(RN \ Bg,).
Since we also have u,, — u strongly in L?*(Bg,), the result follows. O

Lemma 3.8. There exists Ry > 1 such that for R > Ry there exists e3(R) € (0,e2(R))
such that if |e| < e3(R) then ®. glam satisfies the (PS). condition for ¢ > 0.

Proof. Let |¢| < e9(R) and assume {u,} C M to be a (PS). sequence with ¢ > 0,
that is,
P, p(uy) = ¢ and  ||(Perlm) (un)]| — 0, asn — oo,

By Lemma 3.5, there exists C'; > 0 such that

/ ui de < Cy, forallnéeN.
RN
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Then {u,} is bounded in H!(RY) and, extracting a subsequence, one can assume that
u, — u weakly in H!(RY).
Set Ry = C1 + 1 and fix R > Ry. We have ng(|u,|3) = 1. Thus

B. () = /R F(u) it e /R Galun) da

and

(DL p(un),v) = . f(up)vdr + e/RN gr(u,)vdz,
where Gr(t) = G(ng(t)t) and gr(t) = g(nr(t)t)(nr(t) + nx(t)t). Using (1.6), we can
choose €3(R) € (0,e2(R)) such that

9r(t)

4le| sup </, for le| <e3(R), (3.18)

teR\{0}

where ¢ is the number in (f2). Fix such an €. Then by (f3), we have, for |¢| small,

(f(t) +egrt)t < L + |e| sup gR—(t)‘ t? < —£t2 <0 (3.19)
2 ter\{o} | 1t 4
and
t
F(t) +eGr(t) < LK sup 9x( )' t* <0. (3.20)
4 2 teryyoy| ¢
By (f1) and (f3), there also holds
s e =R
By (3.19)—(3.21), we see from Lemma 3.6 that
O, p(u) > lim @, z(u,) = c (3.22)
and
(@ pla)) = [ () + egnlu))uda
> lim (f(un) + egr(un))un dr = lim <(I>/5,R(un)>un>' (3.23)

n—o0 [pN n—00

In the rest of the proof, we use ideas from [7, Pages 362-364]. Since

1(®e, L) (un)[| = 0,

we have
/ (f(un) + egr(uy))vde = o(1)||v| if / Vu,Vvdzx = 0.
RN RN
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This implies, for v € H}(RY),

/ (f(un) + z—:gR(un))v dx — 0, Vu,Vvdz = o(1)|v],
RN RN

where 6, = [on (f(un) + €gr(un))u, dz. Since by (3.18)

|f () +egr(t)] < C(|t|+[t|* ), where C is independent of |¢| < e3(R) and R, (3.24)

and since {u,} is bounded in H}(R™), {6,} is bounded. We may assume that 6,, — 0
as n — 0o. Then from the last equation we see that u is a solution of

62 + f(u) + egr(u) = 0.
By the Pohozaev identity and (3.22),
9/ |Vul?dr = 2*/ (F(u) +eGgr(u))dz > 2%¢ > 0.
RN RN

This implies ¢ > 0 and u # 0. We also have
0/ (Vul? dx :/ (f(u) +egr(u))udz.
RN RN
From this and (3.23), we see that
9/ |Vul?dz > lim 6, = 6.
RN n—oo

This implies [pn [Vu|*dz > 1. Since on the other hand [,y |[Vu[*dz < 1, we obtain
Jen [Vul?dz = 1, and therefore

o /R () + egn(o))ude = i [ (F(un) + egrun)un dr.

n—o0 RN

Then u € M and Vu,, — Vu strongly in L?(RY). Using (3.19) and (3.21) and applying
Lemma 3.7 to —(f(t)+egr(t))t, we see that u,, — u strongly in L?(RY), whence u,, — u
strongly in H!(RY). The proof is complete. O

As a direct consequence of Lemmas 2.5, 3.4 and 3.8, we have

Proposition 3.9. Let R > Ry and |e| < e3(R). Then the functional ®. g|pm admits m
distinct critical values {c. r;}72, satisfying (3.13) and (3.14).
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3.3 Proof of Theorem 1.1
Now we are ready to prove the first main result.

Proof of Theorem 1.1. Let m € N be fixed. In the following, we always assume that
R > Ry and |¢| < e5(R), where Ry and 3(R) are the same as in Lemma 3.8. According
to Proposition 3.9, there exists {u. r;}7; C M such that ®. p(uc r;) = c.pj > co >0
and (@ g|m) (ue,r;) = 0. As in the proof of Lemma 3.8, one has [on uZ g jdz < Ro—1
and TIR(|U5,R,]'\%) = 1. Then u. g, is a solution of

—pAu = f(u) +egr(u) in RY
with g = pe r; being a Lagrange multiplier. Using the Pohozaev identity yields
fe,rj = 2" e p(Uuc rj) = 2°cc rj > 2%¢o.
Then v, g j(x) = u g, (\/ue—R] ;1:) is a solution of the equation
—Av = f(v) +egr(v) in RY.

By the Sobolev inequality,

ol

2+ /2 7ﬂ
/N v p4|* dz < C (/N |Vv€7R,j|2d:p) <Cu.p; <C(2%o)"
R R

From this estimate and (3.24), using a technique due to Brezis and Kato [8] (see also
[30, Lemma B.3]) we can find for any 2 < p < oo a constant C' = C'(p) > 0 independent
ofe, R, j, and y € RY such that ||ve g llr(B ) < C. The L theory together with the
Sobolev inequality then yields a constant C,,, > 0 such that, for all R > Ry, |¢| < e3(R),
and 1 <7 <m,
Ve Rjloo < Chy.

Set R, = max{Ry,Cy,} + 1 and denote &,, = e3(Ry). If |g| < &, then {v. g, ;}72,
are indeed solutions of the equation (1.2). It is easy to see that (see the proof of [7,

(9.18)])

N-2

[E(v€7Rm,j) = N(Q*CE,Rm,j)i 2,
where, for v € H}(RY) N L>®(RY),

[e(v):%/RN|VU|2dx—/RN F(v)d:c—e/RN G(v) de.

Then, by (3.14),
[€<U€,Rm7j+1) - [s(vs,Rm,j) > 17 V1 S.] <m — 1.

This shows that {v., Rm,j}T:1 are mutually distinct. The proof is complete. O
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4 Proof of Theorem 1.3

We prove Theorem 1.3 in this section. In form, equation (1.3) is the Euler equation
of the functional

Jo(u) = 1 / (IVul®> + V(z)u?) do — / F(z,u)dx —¢ G(z,u, Vu) dz.
2 JrN RN RN
But this functional is not well defined in any Sobolev space since there is no control on
G for |u| or [Vu| large. We shall elaborately truncate G so that appropriate variational
methods can be successfully applied to the modified functionals.
To obtain solutions of (1.3) by considering J., we need first to study behaviors of
J := Jy. Throughout this section we shall work in F := H!}(R™) with the norm

full = ([ (V0P + V@) az )

Under the assumptions of Theorem 1.3 it is easy to see that J € C'(FE,R) is an even
functional.

4.1 Essential values of J

In this subsection, we show that J has an unbounded sequence of positive essential
values. We first prove the following abstract result which will be used both in this
section and in Section 5.

Theorem 4.1. Let E be an infinite dimensional Banach space and I € C*'(E,R) be
even, satisfy the (PS) condition, and 1(0) = 0. If E =V & X, where V is finite
dimensional, and I satisfies

(a) there are constants p,a > 0 such that I|sp,nx > o, and

(b) there exist an increasing sequence of subspaces E, C E with dimFE, = n and an
increasing sequence of positive numbers R, such that I <0 on E,\Bg,,

then I has an unbounded sequence of positive essential values.

Under the assumptions of Theorem 4.1, [27, Theorem 9.12] asserts that I possesses
an unbounded sequence of positive critical values. In the statement of [27, Theorem
9.12], an assumption (I}) stronger than (b) is assumed. But upon a careful inspection
of the proof of [27, Theorem 9.12], one easily sees that (b) is a valid replacement of (1)
there. Theorem 4.1 strengthens the conclusion of [27, Theorem 9.12] since essential
values are nondegenerate in the sense that they are inherited under small perturbation
of the functional while critical values not. The proof of Theorem 4.1 is based on that
of [27, Theorem 9.12].
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Proof of Theorem 4.1. Since {£,} is an increasing sequence of subspaces of E with
dimF,, = n, there exists a linearly independent sequence {e,}° C E such that E, =
span{ey, e, -+ ,e,}. We use X to denote the set of compact and symmetric subsets of

E.
Let us recall the critical values constructed in [27]. Set D,, := Bg, N E,. Let

G, :={h € C(D,,E)|hisodd and h = id on OB, N E,}.
Then G,, # (). Set
Ly ={h(D,\Y)|heGy,n>jYek andy(Y) <n-—j}

Define

cj = Bnellfj max I(u), jeN

According to [27, Corollary 9.29, Propositions 9.30 and 9.33], for j > k := dimV/,
¢; > «, ¢; are critical values of I, and lim;_,., ¢; = +00.
Define a new sequence of minimax values

bj = inf maxI(h(u)), jeN

hEGj ucD;
Since h(D;) € T'; for h € G;, we have b; > ¢;. Then lim;_,,, b; = +00. Set
A ={c € R|c is an essential value of I}.

We need to prove that A # () and sup A = +o0.

Assume to the contrary that either A = () or sup A < +o00. Then since lim; ., b; =
+00 there exists j > k such that o < b; < bj41 and AN [bj, +oo) = 0. We fix three
numbers (', 5, f” € R such that 0 < b; < ' < f < " < bj+1 and choose h € G, such
that

max I (h(u)) < §".

ueDj
Set

Di ={u€ Ej|u=v+tejy withv € Ej and t >0, lully < Ry}

and denote by 8Df+1 the boundary of D;rl in F;4,. Extend h to a continuous map

hy : 0D}, — E defined by
h(u), if u € D,
h — 9 7
() { w,  itwedDi,\D;.

Clearly, hi(dD},,) C I%. Extend hy to a map hy € C(Dj,,, E) and choose v € R such
that

v > max{ij, max [(hg(U))}.

u€D 1
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By Lemma 2.3, the pair (I7°°, I?) is trivial. So there exist two closed subsets A, B of
FE such that I C A C 17" and " C B, and there is a strong deformation retraction
1n:[0,1] x B — B from B to A. Define hy € C(D},,, E) by hs(u) = (1, hy(u)), which
has the following properties:

ha(D;

1) C 17, hsisodd on Df, N E;, hy=idon 0D}, NOD;,. (4.1)
Define h4 € C(D]’+1, E) by

hs(u), if ue D},

h pu—
4(U) { —hg(—u), ifue Dj+1 \ D]—"——l—l'
Clearly, hy is odd and h4|aDjJr1 = 4d, which means that hy € G4, and thus

bjr1 < max I(hy(u)).

UEDj+1

But we see from (4.1) that

max [(hy(u)) = max I(hg(u)) < " < bji1,

u€Djt1 ueDf,,
yielding a contradiction. The proof is finished. O

Using Theorem 4.1, we prove the following result for the functional J defined at
the beginning of this section.

Lemma 4.2. J has an unbounded sequence of positive essential values.

Proof. We need to verify that J satisfies all the conditions in Theorem 4.1. From the
assumptions (V) and (F})—(F}), it is standard to show that J € C'(E,R) is even, J
satisfies the (PS) condition, J(0) = 0, and .J satisfies (a) with X = FE.

By (F5), there exist r,0 > 0 such that F(z,ty) > 0 for |z — 29| < r. Then using
(F1)—(Fy) again, we can find a constant Cy > 0 such that

F(z,t) > [t/to]" — C1|t]*, V]zx —mo| <7 tER

This implies
o
2
J(u) < Gollully = Wlﬂb’i
for all uw € C§°(Bjzg|+r\Bjao|—r) and for some constant Cy > 0. Let {e,}22, C
C3°(Bizo|+r \Bjzo|—r) be a linearly independent sequence of radial functions and set

E, = span{ey, ez, -+ ,e,}. Then it is easy to see that J satisfies (b). O
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4.2 Critical values of J. g

Let R > 1 be arbitrary but fixed. In what follows, Cz denotes positive constants
depending only on R which may be variant from line to line. Assumption (G) implies

|G(x,t,8)| < Crt*, Vo eRY, [t| <R, |(| <R (4.2)
Recall the cut off function ng € C*°(R, [0, 1]) defined in Section 3 which satisfies
ne(t) = 1if [t] <R —1, na(t) = 0if [t = R, |nj(t)] < 2. (4.3)

Let 0 < 6 < 2/(N — 2) be arbitrary but fixed. Define a modified functional J. gy :
E — R as

Jepo(u) = J(u) — enR(|u|§i§Z) / GR(.T, u, Vu) dz,
RN

where

GR({L‘,t,g) = G(l‘, 77R(|t|1+0)|t|6ta 77R(|§|2)§>
By (4.2) and (4.3), we have

|GB(2,t,6)| < Crlt™, VzeRY, teR, €cRY. (4.4)

This implies

/ Gz, u, Vu)dz| < Crlul3ts, foru€ E. (4.5)
RN

Using (4.5), we obtain the following estimate on the difference between J and J. g .

Lemma 4.3. There exists Cr > 0 independent of € and 0 such that

sup |Je go(u) — J(u)| < |g|Chg.

uekE

For simplicity of notation, we denote

a(, ) = nr(I€*) Ge (. ma (1114 11, n (1€[2)€
+ 20}y (1€%) | G (. me (1) 118, ma (1)) - € ¢,
and
bt ) = G, m (1) 178, m (1€[2)€ ) (o (14157 [E17527 + m (£)147)

Set
a(:p,t,f) = (al(l‘,t,f),ag(l‘,t,f),- o ’a’N(l‘atag))'

We give some basic estimates on a and b which will be used in the subsequent argument.
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Lemma 4.4. There exists Cr > 0 independent of 0 such that, for x,& € RN andt € R,
(a) la(z,t,&)] < Cr(min{[¢], [t} + [€]),
(b) [b(z,t,6)] < Crmin{[t], [¢]'T*},
()

Proof. This follows easily from (4.3) and assumption (G). We omit the details. O

Oa; (x,t,€)
oz ‘ +

Oa; ( mtf)‘ +

8‘“(“5 ‘ <Cg, V1<i,j53<N.

Using Lemma 4.4(a)—(b) together with (4.4), it is easy to show that J. gy €
CY(E,R) and

Uenola) o) = [ (Vg4 Viahup)do— [ fau)pda
—e(2+ 20)nk (Juls39) /RN lu|*ug dx /RN G*(x,u, Vu) dx
— enr(Jul3tsg) /RN a(z,u, Vu)Ve dr
—e(1+0)nr(|ul3ia) /RN b(z, u, Vu)p dz;

one may consult [30, Appendix C] for a similar argument.
The next result asserts that the (PS) condition holds for J. ry. The reason why we
introduce the parameter 6 in the definition of J; gy is to guarantee the validity of it.

Lemma 4.5. There exists a number e1(R) > 0 independent of 6 such that, if |g| <
e1(R), then the functional J. rg satisfies the (PS). condition for every c € R.

Proof. Let {u,} C E be a (PS). sequence, that is, J. pe(u,) — c and ||J. p 4(un)|| —
0 as n — oo. Then, by (F}), we have

1
Jenalun) = (S ro(tn), un)

1 1
> (5 1) Il = o) [ 670w, V) do
w RN
£(2+26)
B 213 [ | G, V) o

£
+Zin(lnBiH) [ ale, i, Vua) Vi do
H RN
e(1+0)
i
It follows from Lemma 4.4(a)—(b) that

nR(|un|§i§Z) /N b(z, Uy, Vg, )y, dz.
R

< Crlluall¥,

/ a(x, up,, Vu,)Vu, dr| +
RN

/ b(x, Up, Vu,)u, dz
RN
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which combined with (4.3) and (4.5) leads to

1
C + [[unllv > Je ro(un) — ;( é,R,G(un)v Up,)

w—2
> TH%H% — Crlel = CElellually

for n large. Here C%, C% > 0 depend only on R. If |¢] < €|(R) := min{l/C}, (1 —
2)/(4pCP)}, then C + |Juy|lv > “—fHunH%, — 1, which shows that {u,} is bounded in
E. By extracting a subsequence, one can assume that u, — u weakly in F, strongly
in LY(RY) for 2 < ¢ < 2*, and a.e. in RY.

Next we show that u,, — u strongly in . We have

(Joro(tn) = J2 po(u), tn —u)

=l = [ (7o) = F o 0) = ) do

(24 201 (Jun22) / [P (1 — ) dt / G uy, V) dr (T))
RN RN

+e(2+20)nk (Julat3)) /RN || ?u(u, — ) dx . G (x,u, Vu) dx (T)
~ o 33) [ aleun, V)V, = ) do (T
+ enr(lulztan) /RN a(x,u, Vu)V(u, — u) dz (Ty)
—e(1+ 0)nr(Junl359) /RN b(z, tun, V) (u, — u) dx (Ts)
+e(1+ 9)n3(|u|§i§z) /RN b(x,u, Vu)(u, — u) dz. (Ts)

Since u,, — u strongly in LI(RY) for 2 < ¢ < 2*, from (F3) and (F3), a standard
argument shows that

/RN (f(l‘, Un) — f(l‘, u))(un — u) dr = 0(1)'

By (4.3) and (4.5), we have T} = o(1) and T3 = o(1) as n — oco. In order to estimate
T3 + Ty, we observe that

1T+ Tl <Iel [nn(unl3738) — nm(jul313)| ' [ ot Vi) V(=) d

+ e

/RN(a(x, U, V) — a(x, u,, Vu))V(u, —u)dx

+ |e] /RN(a(:E,un, Vu) — a(z,u, Vu))V(u, —u) dz|. (4.6)
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2+20 2+20) = o0(1) as n — oco. By Lemma 4.4(a), there holds

Clearly, nr(|unl3i59) — 1z (lul515

/ a(x, up, Vu,)V(u, —u)de
RN

< Cgllunllv]lun = ully < Ck.
Using Lemma 4.4(c), we see that

< Crllun —ully

/RN(CL(SC,un, V) — a(z, ty, V)V (uy — u) dz

Since, by Lemma 4.4(a), a(x, u,, Vu) — a(z,u, Vu) in L*(RY), we have
/ (a(x, up, Vu) — a(z,u, Vu))V(u, —u)de = o(l), asn — oo.
RN
Putting the above estimates into (4.6) yields

Ty + Ty < |e|Crllu, — ulli + o(1), asn — oo.

Finally, we estimate T5 and Tg. By Lemma 4.4(b) and the Holder inequality,

/ b(2, tn, Vun) (uy, — u) dz| < Crlug|yiogltn — ularo = o(1),
RN
which implies that T5 = o(1) as n — oo. Similarly, 75 = o(1) as n — oo. Therefore,

0o(1) = (S po(un) = JZ po(u), un — u)
> lun — ully = le|Crllun — ulli, + o(1).

If |e| < &1(R) := min{e|(R),1/(2CR)}, then u, — u strongly in E. O
Let m € N be arbitrary but fixed. The main result in this subsection is

Proposition 4.6. There exists a number eo(R) € (0,e1(R)) independent of 6 such that
if |e| < ea(R) then the functional J. re has m critical values {cc ro 7, satisfying

0<cy' <copoj<coy, V1<j<m

and
CeROj+1 — Cerpj > 1, V1<j<m-—1,

where co = co(m) is independent of €, R and 6.
Proof. By Lemma 4.2, there exist m essential values {d;}72, of J such that
d1>1, dj+1—dj>3for1§j§m—1.

According to Lemmas 2.4 and 4.3, there is a number e5(R) € (0,£1(R)) independent
of § such that, if || < ex(R), then J. gy has m essential values {c. rg;}7L, satisfying

lcoro; —djl <1, ¥1<j<m.
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Then
O0<di—1<cpp;<dn+1, VI<j<m

and
CerOj+1 — Cerpy = 1, V1I<j<m-—1

We see from Lemmas 2.5 and 4.5 that {c. rg;}j, are m distinct critical values of
Je.ro- The proof is finished. O

Let m € N be fixed and |e| < e5(R). By Proposition 4.6, there exist m elements
U Rp,j € F such that

Jero(Ueroj) = Ceroy and S po(uero;) =0, j=1,2--- ,m

4.3 L™ estimate for u. gy ;

Note that u. rg ; are weak solutions of the equation

—Au+V(x)u = f(z,u) + [5(2 +20)n% (Jul339) / G (z,u, Vu) d:c} || 2w
— (|22 div [a(z, u, V) + =(1 + 8)ng (|ul220) bz, v, Vo).
We first provide uniform estimates on the Sobolev norm ||uc g ;||v.
Lemma 4.7. There exists C > 0 independent of ¢, R and 6 such that
e rojlly <C, V1I<j<m.

Proof. Write u; := u. gy ; for simplicity. Observing the proof of Lemma 4.5, we see
that

1 1
Ce RO, — ERG u] < Re(uj) uj> > (5 - ;) ||uj||%/ - ;%|E| - %|€|||uj||%/

Since |e| < e2(R) < €1(R) implies Cgle| < 1 and Cfle| < ’1—;2, by Proposition 4.6, we
have the desired estimate. O

By Lemma 4.7 and the Sobolev inequality, we have
|Ue, R0, 2133 <C, V1<j<m,

where C; > 0 is independent of ¢, R and #. Denote Ry := C; + 1 and let R > R,.
Then, by the definition of ng, u. ge; (1 < j < m) are weak solutions of the equation

—Au+V(z)u= f(z,u) —ediv[a(x,u, Vu)] + (1 + 0)b(z,u, Vu). (4.7)

To estimate |u. g ;|oo, We shall use the following lemma which is a special case of
[18, Lemma 5.4 in Chapter 2].
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Lemma 4.8. Let u € H'(RY) and y € RY. For k > 1 and p € [1,2] we denote
A, =A{x € B,(y) | u(z) > k}.

Assume that for any k > 1 and any 1 < p; < ps < 2, the function u(z) satisfies the
inequalities

/

where v > 0 and ¢ € (0,2/N] are positive constants. Then sup,cp, ,, uw(z) < C where

\Vul? de < 7[(pz - pl)_Q/ (u— k)? dz + meas' N (A ,,) |

A

k,p1 k,p2

C is a constant depending only on N,v, e, and ||ul|12(B,(y))-

We also quote a result from [20] which will be used to estimate |Vue g g j|oo. Consider
an equation of the form

div [A(z,u, Vu)] + B(x,u, Vu) =0, (4.8)
where A € CY(RY x R x RY,RY) and B € C(RY x R x RV R). Let
A(.’L‘,t, é) = (A1<.§U,t,£), A2<.§U,t,£) U 7AN<x7t7§))

and set ‘
1

g 0A
a’(z,t,&) = a—g(x,t,f).

The following lemma is a special case of [20, Theorem 1.7], where we in particular

choose g(t) = %.

Lemma 4.9. Suppose that the following conditions are satisfied
iy 1
a” (l‘, tag)yiyj Z §|y|27
ja¥ (z,t,€)] < A,
Az, 1,8) — A", 1, < Alle — 2’| + [t = 1)),
|B(z,t,8)] < A,

for some positive constant A whenever x, ', &,y € RY and t,t' € [—My, My] for some
positive constant My. Then any DY?(RN) solution u of (4.8) with |u|le < My is in
CHB(RN) for some positive constant 3 = B(A, N) and

[ullersmyy < C(A, N, My).

Lemma 4.10. Let Ry be the number defined before (4.7). For R > Ry there ezists
e3(R) € (0,e2(R)) independent of 6 such that if |e| < e3(R) then

|u€,R,9,j‘oo + |VUE,R,€,j|oo S 07 V1 S,] S m,

where C' > 0 1is independent of €, R and 0.
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Proof. Write u; := u. rp,; for simplicity. We first estimate |u;|~ and this is divided
into two steps. We only consider N > 3 since the argument is easier for N = 2. In the
first step we show that

|ujl, < Cy

for some constants C; > 0 and v > % independent of €, R and #. By Lemma 4.4(a)-

(b), we have
/ (Vu; Vo + V(z)u;p) dz
RN
< [ f@woderlCa | (VullVel+ ulVel + lugl)ds - (49)
for p € E. We set u} = max { =M, min {u;, M }} for M > 0 and choose ¢ = }u;‘”}suy

with s > 0 as a test function in (4.9) and then let M — +o0. It follows from (F5) and
(Fg) that

(s+1)/ \uj\s\Vqud:c—i-/ V(x)|u;|** da
RN RN
o) 1
S(—O + e|Cr + = |e|Cr(s + 1)) / ;|2 dx + 02/ |u;|* P dz
4 2 RN RN
3
+—|5|CR(5+1)/ g Vs 2 d,
2 RN
where oy = inf, gy V() and where we have used the inequality
S 1 S S
[ IV < 5wl IV o+ ).

Define

So=2"—p, s,= (Sp_1+2)—p for n=1,2,---,

N -2

and fix an integer ng such that s,, > @. Let

, o . 1 (7))
e5(R) = min {62(R), 30 Cnsm 7 1) }

Then for |e] < &4(R) and sp < s < sy,

(s+2)N % s 2 +s
/ ;| 2 dr) < CN/ | [ V| da < 03/ s da.
RN RN RN

From this inequality, doing ng steps of iteration we have |u;|, < C; for some constants
Cy>0and v:i=s,, +p> % independent of £, R and 6, as claimed above.

In the second step we estimate |u;|o. Let y € RY. For 1 < p; < pa < 2, choose
n € C§°(B,,(y)) such that 0 <n <1, |[Vn| <2/(ps —p1), and n(x) =1 for x € B, (y).

For k> 1 and p € [1,2] set

Ay = {o € Byly) [uyx) > k).
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Using (uj — k)*n? as a test function in (4.7), we have

Vu,; V((u; — E)Yn?) dx + / V(z)uj(u; — k)Yn? dx

Ak,pz Ak,pz

— [ feup) (- ket e / oV ((u; — k)i?) da

Ak,PQ Ak,ﬂz

+e(1+6) / b(u; — k)n? da.

k,po

The left hand side can be estimated as

LHS :/ 0’|V, do + 2/ n(uj; — k)Vu;Vndr + / V(z)uj(u; — k)n* dz
A A

A

k.p2 k.p2 k.p2
1
2—/ ’r]Q\Vuj|2da:—2/ (u; —k)2|Vn\2d:c—|—oz0/ uj(u; — k)n® dz.
2 Akm Ak,pg Ak,m

For the right hand side, by (F3), (F3) and Lemma 4.4(a)—(b), we have

RHS S% wi(uj — k)n® dz + 04/ ubn? du

Ak,pz Ak,pz

el [y VDIV Gy — P oG [y — KR,
k

A

A P2 k,p2

where Cy > 0 is a constant independent of €, R, 6, and y. Let

" . / 1 ﬂ
e5(R) = min {53(R), 10, 20, |

Since on Ay, ,,
5 3
(u; + VIV ((w; = k)n*)] < 507 |V + o0 + 2(u; — k) [V,

we see that, for |¢| < f(R),

/ n?|Vu,|? de < 12/ (uj—k)Q\Vn|2dx+C5/ uln?,
A A A

k.p2 k.p2 ksp2
for some constant C'5 > 0 independent of €, R, €, and y. This implies

4 P
/ [V u,|? d §782 / (uj — k)* da + Cs|u;|hmeas’ ™ (A ,,)
A (p2 —p1)? Ja

k,p1 kyp2

48 / 2 1—-E
<— uj — k) dr + Cemeas™™ v (Ay p, ).
o=y, T e Camens T )

We then use Lemma 4.8 to see that sup,¢p, () u; has a bound independent of ¢, R, 0,
and y. Similarly, inf,cp, ) u; has a bound independent of ¢, R, 6, and y. Therefore,
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where C; > 0 is a constant independent of €, R and 6.
To estimate |Vu,|~ we rewrite equation (4.7) in the form (4.8):

div [A(z,u, Vu)] + B(x,u, Vu) =0,

where
Az, t,€) = & —ea(x,t,§)
and
B(z,t,&) = f(z,t) = V(x)t + (1 4 0)b(x,t,§).

Since A¥(x,t,&) = & —ea;(x,t,€), it follows from Lemma 4.4(c) that, for z,2’, &,y € RY
and t,t' € R,

1

a’(z,t,8)yy; = a—é(wat,f)yiyj = |y|* — Ea—é(xataf)yiyj > (1 — [e|NCR)|y|,
J J

3 da;
' (2,1,€)] < 1+ |e|)a—§<x,t,£>) <1+ [e|Ch,
J
and
A, t,€) — A 1, €)] = |ella(x, £, €) — a(a!, ', €)| < |e|Crllz — '] + |t — 1),

By (V), (F3), and Lemma 4.4(b), we have, for z,£ € RY and t € [-C7, C7] where C
is the number from (4.10),

|B(x,t,6)| < C(1+ C2Y) 4 BoCr + || (1 + 6)CrCr. (4.11)

Let e3(R) > 0 be such that

) 1
£3(R) < min {€3<R), QNCR} :

If |e] < e5(R), then all the assumptions of Lemma 4.9 are satisfied and we conclude
that
‘VU]'LX,SC& v1§j§m,

where Cg > 0 is independent of €, R and 6. Letting C = C7 + Cg, we finish the
proof. O

4.4 Proof of Theorem 1.3
By Lemmas 4.7 and 4.10, if R > Ry and |¢| < g3(R) then

e, llv + e ro 15150 + [ueroled’ + Ve ol <C, V1< j<m, (4.12)
where C' > 1 is independent of €, R and 6. Now we are ready to fix an R and we let

Ry = max{R,,C} + 1.
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From the arguments above, it is clear that Ry, C, and R; depend on m € N. Let
er, =¢e3(Ry). Then, for |e| <&l , u.p;:=ucp0;, j =1,2,---,m, are solutions to the
equation

—Au+V(z)u = f(z,u)—ediv [Ge(z, |u|u, Vu)|+e(1+6)Gy (x, ul®u, V) ul’. (4.13)
By Proposition 4.6,
JE,@(UE,G,jJrl) - JE,G (ue,e,j) Z 17 V1 S .7 S m — 17 (414)

where
1

Jep(u) = 5”“”%/ - /RN F(z,u)dr —¢ /RN G(x, |ul’u, Vu) dz.

Choose a sequence {0}, C (0,2/(N —2)) such that 6, — 07. By (4.12), we may
assume u. g, j — ue; weakly in £ and a.e. in RV for some u. ; € F as k — oc.

Lemma 4.11. There exists el € (0,€!) such that, for|e| < €' and up to a subsequence
if mecessary, we have Vueg, j — Vu.; strongly in L} (RY), and as a consequence
Vuep, ; — Vue; a.e. inRY as k — oo.

Proof. Write uj := u.g, ; and u := u.; for simplicity. Rewriting (4.13), we see that
uy, satisfies
—div [Ap(z, ug, Vug)] = gp in RY,

where
Ap(w,t,€) = € — eGe (w,nr, ([t]7%)[t%¢, ng, (|€]*)€)
and
gk = f(z,ug) — V(x)up + (14 0x)Gy (x, |uk|9kuk, Vuk) |uk|9’“.

By (G) there exists C; > 0 independent of k such that for z,£,& € RY and t € R
| Aw(, 1, )] < [§] + [elCu(lt] + [€]) (4.15)

and
[Ak(,t,€) — Ar(z, 1, €)](§ = &) = (1= [elC)ls — €'*. (4.16)
By (V), (F3), and (G), choosing a larger C} if necessary, we have

\ge] < CL(1+ Bo + |e])ul- (4.17)

Fix €’ € R such that 0 < &/ < min{e/,,1/(2Cy)} and let |¢| < e”. Let R > 0 and
choose n € C5°(RY) such that

0<n(x)<1, n(x)=1ifz € Bg.
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Then, by (4.15), (4.17) and the Rellich theorem, we have
’/ nAk(z, ug, V)V (uy, — u) dx’
RN

< )/ Ag(z, ug, Vug) Vn(ug — u dx‘ + ‘/ ngx(ur — u) da:‘
RN

SC(/RN(|uk|2+\Vuk|2)dx) (/RN |Vn\2(uk—u)2dx>%
o [ atar) ([ i)

—o(1) (4.18)

as k — oo. Define
Ao(l‘, t,f) =& - EGE(xatv nR1(|§|2)§)-

Then since ng, (|ug|% 1) = 1 we have
Az, ug, Vu) = Vu — eGe(z, [ug|* up, nr, ([Vu?) Vu) = Ag(z, u, Vu)

a.e. in RV as k — oo. The dominated convergence theorem together with (4.15)
implies that Ag(x,uy, Vu) = Ag(x,u, Vu) strongly in L (RY). This implies

| / DA, uk, V)V (u — ) da
RN
< ‘ / N[Ax(z, ug, Vu) — Ao(z, u, Vu)|V(up — u) do
RN

+ ’ /RN nAo(x, u, Vu)V (uy, — u) dx
. (4.19)

as k — oo. Using (4.16), (4.18), and (4.19) and noticing that |e|C} < 3, we obtain

1/B |V (uy, — u)|* do < / n[Axk(x, ug, Vug) — Ap(x, ug, V)|V (uy, — u) de = o(1).

2 RN
The above estimate implies the desired result since R > 0 is arbitrary. U
We are in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Let |¢] < ¢/ and 1 < j < m. As in the proof of Lemma
4.11, we write uy, 1= u. g, ; and u := u.; for simplicity. Then u; — u weakly in £ and
a.e. in RY and Vu, — Vu a.e. in RY as k — oco. Using these facts one can check that
u is a solution of equation (1.3). Then
/ [[Vul® + V(2)u® — eGe(, u, Vu)Vu — eGy(z, u, Vu)u] do = f(z,uw)udz.
RN RN
(4.20)
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Since uy, is a solution of (4.13), we have

/ [[Vug|® + V(2)ui — eGe(x, [ug|*ug, Vug,) Vauy,
RN

— e(1 + 0,)Gy(z, |ug| uy, Vuk)|uk|6’“uk} dr = f(z, ug)ug de. (4.21)
RN

For simplicity of notation, denote P(x) = f(x,u)u, Py(x) = f(x, ug)ug,
1 1
Qz) = §|Vu\2 + §V(:c)u2 — eGe(x,u, Vu)Vu — eGy(z, u, Vu)u, (4.22)
and

1 1
Qule) =3[ Vil + LV (@
— eGe(, [ug| P ug, Vur) Vg, — (14 0,) G, [ug| " up, Vug)ug|®uy.  (4.23)

Then, by Lemma 4.11, Qp(z) — Q(z) for a.e. x € RY. By (4.12) and (G), there exists
em € (0,") such that, for |g| < e,

(IVur* + V(2)ui) = 0. (4.24)

»Jkl»—*

Qr(x) >

Using Fatou’s lemma and (4.20), (4.21) and (4.24), we estimate as

[ Py ——Hqu [ ) ds < 5 i ful + tim [ Que)ds
R:
_5 i flul} + lim | Qu(x)dz < lim <—||uk||%/+/ Qk(x)dx>
R3 k—o0 2 R3

k—00

= lim Py(x)dr = /RS P(z)dx.

k—o0 R3

We see that ||ug||y — ||ul|v and therefore uy — u strongly in E.
Recalling uj, := u. 9, ; and u := u. ; and using the strong convergence, we have

kli)rgo JE,Gk (ua,ek,j) = J5 (ua,j) ’

This together with (4.14) implies that {u.;}7., are m distinct solutions of (1.3). We
complete the proof. O

5 Proof of Theorem 1.5

We prove Theorem 1.5 in this section. First we have the following lemma.

Lemma 5.1. There exists a constant C' > 0 such that for any v € H*(R?)
(@) [|Pullprems) < C|u|12/5, Jos Guu? da < C|u|‘112/5,
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D) Jps [ul’dz < [oo [Vul? dz + § fpo duu® da,

(¢) if up — w in L'?/°(R3), then ¢y, — ¢ in DV2(R?) )y Jos Gunul dz = [os puu® de,
and [os Gu, ugv dz — [os dyuv dx for v e Hl(Rg).

Proof. We have

1
/|u|3dx:/ V¢UV(|U|)dx§/ |Vu|2dx+1/ V| dz.
R3 R3 R3 R3

This proves (b) since
P u* dr = / V| dx.
R3 R3
The proofs of (a) and (c) are easy. O

According to the principle of symmetric criticality [25], in the remaining of this
section, we shall work in H!(RY). The formal functional associated with (1.4) is

<)——HuH2——/ batde+ % [ Glaewd.

R3
Here, we choose the norm

1

full = ([ (9u + o) dz)’
R3

in H(R?) and G(z, 1) fo x,s)ds. We set

1 1
J) = Z|jul* == [ ¢u*dr for u € H'(R?).
2 4 Jrs

We first consider J. Clearly, J € C'(H!}(R?),R). As a direct consequence of Lemma
5.1, we have the next lemma.

Lemma 5.2. There exists a constant C' > 0 such that for any u € H}(R?)
(a) J(w) > Lull? = Cllull, and
(0) () < Hull + i [Vl do = fyq [uf da.

Lemma 5.3. J : H(R?) — R satisfies the (PS). condition for every c € R.

Proof. Let {u,} C H!(R?) be a (PS), sequence. Then for n large

1 1
1 llunll = T(un) = 20" (un), un) = ™

Hence {u,} is bounded in H}(R?). Assume that u, — u weakly in H!(R?), strongly in
L'Y?/°(R%), and a.e. in R®. Using Lemma 5.1 one can easily verify that u, — u strongly
in H!(R3). The proof is finished. O
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By Lemmas 5.2 and 5.3, we see that all the conditions of Theorem 4.1 are satisfied.
By Theorem 4.1 we obtain the next result.

Lemma 5.4. The functional J : H}(R®) — R has a sequence of essential values c;
with ¢; — 400 as j — oo.

Now we fix a number p € (2,6). Let 6 € (0,1) be such that
p(l+46) <6.

For R > 1, let ng be the cut off function defined in Section 3.2. For 0 < ¢ < 1, we
consider the modified functional

1 1 1 0

Tonalw) = 3l [ o dot Znn(luB L3542 0) | Glocnaal ™ lul’u) de
2 4 R3 g R3

It is easy to check that J.ge € C*(H}(R?),R), and for u,v € H!(R?)

(JL polu),v) = /R3 (VuVo +wuv)dx — | ¢y uvdx

R3

1 1+0)
+ (103 + [0 [ Glaenalul ™l do
X [(2 +20) [ |ul*uvdx + p(1 + 0) / PO 2y da
R3 R3
1 1 9 24260 p 1+'9
+ 8( + 0)nr(lul3is + |u ‘ 1+9))
) /3 g(, enr(lul ™) ulw) (i (Jul ) [ul 0 + nr(jul ) ul ") da.
R
Lemma 5.5. For R > 1 there exists C'r > 0 independent of € and 0 such that

1
sup |J5,R70(U) — J(u)| S — + Ep_QCR.
ueH(R3) R

Proof. By (g2), for R > 1, there exists Cr > 0 such that |G(x,t)| < g5t* + Cglt[? for
r € R® and [t| < R. Then for any u € H}!(R?),

1 0
| Je.ro(u) — J(u)| :gnR(W@igz + |U|pqie;) ’/ Gz, enp(jul"*?)|u|’v) dw’

1+6)
< (a3 130+ 20 (138 + Crr 2l 115)
1
<— 4 P20,
Sh + R
The result follows. O

Lemma 5.6. Let e, R and 0 be fized. Then J.re : HY(R®) — R satisfies the (PS),
condition for every c € R.
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Proof. We compute as in the proof of Lemma 5.5 to show that

1 1 c
Jero(u) = (T po(u) u) 2 ZIIUII2 -5 *Cr, Vue H/(R%).  (5.1)

Let {u,} C H}(R®) be a (PS). sequence of J. rg. Then {u,} is bounded in H}(R?).
Assume that u,, — u weakly in H!(R®) and a.e. in R*. Then using (g;), Lemma 5.1
and the fact that 2 < 2(1+60) < p(1 +6) < 6 one can easily verify that u is a critical
point of J. g and u, — u strongly in H}(R?). O

By Lemmas 2.4-2.5 and Lemmas 5.4-5.6, we obtain the next result.

Lemma 5.7. There exist Ry > 1 and, for R > Ry, £o(R) > 0 independent of 6 and
J such that if R > Ry and 0 < € < g9(R) then J. g has m distinct critical values

{057R797j}?:1 satisfying
0<cy'<ceppj<co, 1<j<m
and
CeRpj+1 — Cerpg > 1, 1 <j<m-—1,
where cog = co(m) > 0 is independent of e, R, 0 and j.
We remark that, by (5.1), we may decrease o(R) in Lemma 5.7 if necessary so that

1, 1
Tenow) = 0T pow),u) > Ful> = C. Vu e HAR) (52)

for some constant C' > 0 independent of €, R, 0. Let {ucre;}7; C H}(R®) be m
distinct critical points of J. pg obtained by Lemma 5.7 with J. ro(us o) = Cerpj-
Then, by Lemma 5.7, (5.2), and the Sobolev inequalities, we have

Lemma 5.8. There exists C; > 0 independent of €, R, 6, and j such that

e rosll + e rol5ta + [uero bty < Ci, 1<j<m.

Lemma 5.9. There exist Ry > Ry and, for R > Ry, 1(R) € (0,&¢(R)) independent
of 0 and j such that if R > Ry and 0 < & < e1(R) then

[Ue, R jloc < Co, 1< 5 <m,
where Cy > 0 is a constant independent of €, R, 0, and j.

Proof. For simplicity we set u := uc gy  and ¢ := ¢y, ,, .. Let C; be the constant
from Lemma 5.8 and
Rl = maX{Ro, Cl} + 1.
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Let R > R;. Then u satisfies, for any v € H'(R?),

/ (VuVo +wuv)dx — | ¢uvde
R3

R3
1
#2(1+0) [ gleenaal ) ul"u) il al el )l do =0,
We first estimate |¢|o. Choosing [¢p™|*¢™ for M > 0 and o > 1 as a test function in
the Poisson equation
—A¢ = u?,
we deduce that

(1) [ 10V = [ oo do
< ([atan) ([ rovperar)”
<o [ 1epran)’,
.

where C' > 0 is independent of €, R, 6 and j by Lemma 5.8. It follows that

([ tohproar) < claay [ 1ovpveyeas < caf [ [o"p2ar)”

Letting M — oo we have
a+1

|Plsars < (Ca)er2[]3555, (5.3)
where C' > 0 is independent of €, R, 6 and j. If we set

3\ k
w=6(35) —4 k=012,

then by (5.3) we obtain

ap_1+1

1
|Ploa, +2 < (Cak—l)a’“’1+2|¢|§§;ﬁ2a k=1,2,---.

An iteration process implies that

k—1 s k—1 a;t+1
olsusra < [ [[(Cay7o (Tomsiain 550 gy 10w
k — .

7=0

This implies, for any k& € N,
|6l2a,+2 < C(L+[dle) < C(L+ [[ull?).

Letting £ — oo and using Lemma 5.8 we have, for some constant C' > 0 independent
of e, R, 6 and j,
|$loe < C. (5.4)
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Next we estimate |u|. Recall that u satisfies
/ (VuVv 4+ wuv)de = | ¢uvdr + / gero(r,u)vdr  forve H(R®), (5.5)
R? R3 R?
where
1
gero(w,t) = =—(1+0)g(w, en([t] ) 0) ([t ) + na(el0)]¢l").

It can be easily seen that these exists 0 < £1(R) < o(R) such that for R > Ry and
0<e<e(R),
9= ro(z,t)| < Clt|  for all (z,t) € R® x R,

where C' > 0 is a constant independent of €, R, §. This together with (5.4)—(5.5) implies
that there exists C' > 0 independent of ¢, R, § such that for R > Ry and 0 < ¢ < &1(R),

’/ (VuVu + wuw) d:c’ < C/ lu|[v|  for all v € H'(R?). (5.6)
R? R?

Choosing v = [uM|*u™ for M > 0 and @ > 1 as a test function in (5.6), we obtain
1
[ulsate < (Ca)o72|ufayo,

where C' > 0 is independent of ¢, R, 6 and j. Then a Moser iteration process as above
together with Lemma 5.8 implies that

ulos < Clule < Cllul] < C,
where C' > 0 is independent of ¢, R, 6 and j. This completes the proof. O
Proof of Theorem 1.5. We can fix an Ry such that

Ry > max{Ry, (Cy + 1)*},

where Cy is the constant from Lemma 5.9. Let €, = £1(Rz). For |¢] € (0,¢,,), denote
Ueg.j i= Ue Ry, and define for u € H'(R?),

1 1 1
Jeg(u) := 5”“”2 ~1 /R3 buu® dr + = /R3 G(x, e|lul®u) dx.
Then by Lemmas 5.7-5.9, u. g ; satisfies
0<cyt < Joplucpy) <co, 1<j<m, (5.7)

Jeg(tep;) +1 < Jeg(tepjrr), 1<j<m-—1, (5.8)

/ (Ve Vo + wue g jv) dz — / Pu, 4 Ue 9,50 dT
R3 R3

1
+g(1 + «9)/ g(z, 5|u€,97j|9u€79,j)\u579,j|9v =0, VYve HYR®), (5.9)
R3
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[ucoill + [tcpjle < C, 1< 5 <m, (5.10)

where C' > 0 is a constant independent of €, 6, and j. We may assume that u. g ; — . ;
weakly in H}(R®) and a.e. in R® as § — 0. Using (5.7)-(5.10) we can verify that

Uegj — Uej strongly in H}(R*), u.; (j =1,2,---,m) are solutions of (1.4), and
eli)%l+ Jeo(Uep ;) = Je(uej), 1<j<m.
Then
Je(uey) +1 < Je(ue i), 1<j<m—1,
and (u )72, are m distinct nontrivial solutions of (1.4). O

6 Concluding remarks and additional results

In this section, we first give some variants of Theorem 1.3. In Theorem 1.3, we have
assumed
Bo := sup V(z) < +oc. (6.1)

zeRN
This assumption is only used to deduce (4.11) in the proof of Lemma 4.10 in order to
apply Lemma 4.9 from [20], and to deduce (4.17) in the proof of Lemma 4.11 in order
to have estimate as in (4.18). According to the discussions on [20, Page 347], Lemma
4.9 still holds if the boundedness assumption on B(z,t,£) is relaxed by assuming

sup / |B(y,t,&)|%dy < 400 for some ¢ > N.
Bi(z)

z, EERN, [t|<Mo

Accordingly, the proof of Lemma 4.10 is valid if condition (6.1) is replaced with the
weaker one:

sup / |V (y)|?dy < 400 for some g > N. (6.2)
Bi(z)

z€RN

In addition, under assumption (6.2), instead of (4.17) we have
|9k < (V(2) + C)uy

and the second term in (4.18) can be estimated as

’/ ngr(ur — ) d$’
RN

S(/]RNU(VJrC)qd:E);(/RNnu,;qux);(/]RNn(uk—u)de); — o(1).

This means the proof of Lemma 4.11 is also valid. Therefore, we have the following
result.

Theorem 6.1. Theorem 1.3 is valid when condition (6.1) is replaced with (6.2).
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In the setting of Theorem 1.3, if N = 4 or N > 6 then a method initiated by Bartsch
and Willem in [5] can be used to prove existence of multiple nonradial solutions. Let
us sketch the idea from [5] (see also [31]). Let 2 < m < N/2 be a fixed integer different
from (N —1)/2. The action of

G :=0(m) x O(m) x O(N — 2m)

on HY(RY) is defined by
gu(x) == u(g~"x).
Let 7 be the involution defined on RY = R™ @ R™ @ RV 2™ by

T(T1, T2, 3) := (T2, 21, T3).
The action of H := {id, 7} on H*(RY) is defined by

u(z), if h =1id,
h =
u(@) { —u(h™lz), if h= 1.

Define
X :={uc H'R")|gu=u,Vg € G, Vg€ H}. (6.3)

With the norm || - ||y defined at the beginning of Section 4, X is compactly embedded
into LP(RY) for any 2 < p < 2*. Working in X as in [5], along the lines of discussions
in Section 4, we have the following theorem.

Theorem 6.2. Let N =4 or N > 6. Assume (V), (F1)—(Fs) and (G). Assume also
that G(x,t,£) is even in t. Then for any m € N there exists €, > 0 such that (1.3)
has at least m distinct nonradial solutions provided |e| < &,.

We assumed that V(z) = V(|z|), f(z,t) = f(|z|,t), f(x,—t) = —f(z,t), and
G(z,t,€) = G(|z|,t,]¢]) in Theorems 1.3 and 6.1 and in addition that G(z, —t,§) =
G(z,t,€) in Theorem 6.2, and obtained multiple radial solutions and multiple nonradial
solutions, respectively. These symmetry assumptions lead to compactness for Palais-
Smale sequences and make the functional J. together with its modified versions J; g
and J. g defined in Section 4 to be invariant with respect to the O(N) action in the
case of Theorems 1.3 and 6.1 and the G and H actions in the case of Theorem 6.2.
Invariance of the functionals makes it possible for us to work in H!(RY) or X defined
in (6.3) which are compactly embedded into LP(RY) for any 2 < p < 2* and then to
apply the principle of symmetric criticality [25].

We now consider a case in which G is independent of ¢ and in which the equation
has no spherical symmetry with respect to € RY. Instead of condition (6.1) or (6.2)
on V', we assume that, for any M > 0 and r > 0,

meas({z € B.(y) : V(z) < M}) =0 as |yl — oc. (6.4)
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Clearly, (6.4) holds if V' is coercive, that is, if V(z) — +o0 as |z| — co. By a result of
Molcanov [22] (see also [17, Corollary 6.2]), (6.4) implies that the space

X = {u c H'(RY) /RN V(z)u*dx < oo} (6.5)

with the norm )
3

ol = ([ v+ Vi) )

is compactly embedded into LP(RY) for any 2 < p < 2*. This compactness property
of the embedding maps holds for any N > 1. Working in the space X as defined in
(6.5), we can prove the following theorem, in which we do not impose any constraint
on dimension N. That is, the theorem holds for any N > 1.

Theorem 6.3. Assume (Fy)—(F5) and
(V) Ve CRY,R), ap := inf V(z) >0,V satisfies (6.4);

T€RN
(F)) fe CRY xRR), f(z,t) is odd in t;

(G") G € CHRY x R,R), G(x,0) =0, and for any R > 0 there exists Cr > 0 such
that, for v € RY and |t| < R,

|Gi(z, 1) < Crlt].

Then for any m € N there exists €, > 0 such that (1.3) has at least m distinct solutions
provided |e| < ep,.

Proof. We argue along the lines of the approach in Section 4, working now in the
space X defined in (6.5) instead of HY(RY). For this proof, the discussions in Section
4 are similar but simpler. Since G is independent of £, we have a(z,t,&) = 0 and we
need neither an estimate of |Vu. rg il as in Lemma 4.10 nor a result as in Lemma
4.11. In (4.22) and (4.23), we need to replace the definitions of Q(x) and Qi (x) with

Qz) = %V(az)u2 —eGy(z,u)u

and
1
Qr(z) = §V($)Ui — e(1 4 6) G, [ue] ™ we) | ur] *uy,
respectively. The rest is almost the same as in Section 4. [l

At last, we give variants of Theorem 1.5 and Corollary 1.6. Consider the Choquard
equation with a potential V'(x)

{ —Au+ V(z)u — dyu+ Lg(z,eu) =0 in RS, (6.6)

u e H'Y(R?).
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There is no spherical symmetry with respect to 2 € RY needed for this equation. As
in Section 1, letting A = 5%, (6.6) is equivalent to the Schrodinger-Poisson system

—Au+V(z)u — Apu+ g(z,u) =0 in R,
—A¢ =u? in R3, (6.7)
ue H'(RY), ¢e€ DM?(R?).

The same argument as in Section 5 can be used to prove the following theorem.
Theorem 6.4. Assume

(V") Ve C(R%R), ap := inf V(x) >0,V satisfies (6.4);

rERN

(¢") g € O(R® x R,R), limy_,og(x,t)/t = 0 uniformly for x € R®, and for any R > 0
there exists Cr > 0 such that if © € R® and |[t| < R then |g(z,t)] < Ck.

Then for any given m € N there exists £, > 0 such that (6.6) has at least m distinct
solutions provided |e| < &p,.

Corollary 6.5. Suppose that (V") and (g') hold. Then for any given m € N there
exists A, > 0 such that, for X > A,,, (6.7) has at least m distinct solutions (u, ¢).
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